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WAVE FIELDS FROM AN OFF-CENTER EXPLOSION IN AN 
EMBEDDED SOLID SPHERE 
BY L IAN-SHE ZHAO AND DAVID G. HARKRIDER 
ABSTRACT 
This study investigates the effects of explosions in asymmetric source 
regions on the excitation of seismic body waves. We give an analytic formula- 
tion for determining the wave fields from an off-center explosion in an embed- 
ded solid sphere in an elastic whole-space. As expected, this geometry gener- 
ates shear as well as compressional body waves. The calculated wave fields 
show that the degree of shear-wave generation is determined by the asymme- 
try of the source region. The results are compared with the known analytic 
solutions of an explosion in an elastio whole-space and at the center of an 
elastic sphere embedded in the whole-space. The radiation patterns at differ- 
ent periods for different parameters of the media suggest that the asymmetry 
of the source region has significant effects on shorter period but has only 
minor effects on long periods. The long-period P-to-S wave maximum ampli- 
tude results are in agreement with that for explosions in axisymmetric cavities. 
INTRODUCTION 
Shear waves are almost always observed from underground explosions. One 
can visualize many ways to convert explosion P waves into SV waves. An 
obvious mechanism is the free-surface or other nearby planar boundaries. But 
the presence of SH waves is especially perplexing. The SH waves are generally 
considered to be due to tectonic release from the volume relaxation of the local 
prestress urrounding the shot point or as a triggered earthquake on nearby 
fault planes (Aki and Tsai, 1972; Press and Archambeau, 1962). Other mech- 
anisms for SH-wave excitation have also been investigated, such as the con- 
version of source P waves from explosions in long narrow valleys and the 
generation of S waves by explosions in anisotropic media and axisymmetric 
cavities (Ben-Menahem and Sena, 1990; Glenn et al., 1985, 1986; Mandal and 
ToksSz, 1990; and Rial and Moran, 1986). 
We show in this paper that a significant amount of shear waves can be 
generated by an asymmetric source region. We give the formulation for the 
wave fields of an off-center explosive source in an elastic homogeneous sphere 
embedded in an elastic homogeneous whole-space with different elastic con- 
stants and densities. Ours differs from the usual scattering due to spherical 
inclusions problem found in the acoustic literature. For instance, Pao (1978) 
gives the scattering or transition matrix (Varatharajulu and Pao, 1976; Water- 
man, 1969, 1976) solution for a spherical cavity, a rigid sphere in a solid, and an 
elastic sphere in a fluid and a solid. The scattering matrix formulation is then 
compared to earlier obtained solutions for an incident plane wave with a 
stationary or sinusoidal time history (Pao and Mow, 1973). The effect of restrict- 
ing the source duration to be finite for an incident plane P wave on a solid 
sphere is considered by Dubrovskiy and Morochnik (1989). The solution due to a 
spherical incident wave is given in Pao and Mow (1973). The only solution found 
by the authors for a source embedded eccentrically within a sphere was that by 
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Thompson (1973) for a spherical source embedded in a fluid sphere in a fluid 
space. That problem is the fluid or acoustical analog to our problem. 
As in Thompson (1973), we expand the wave fields in spherical harmonics and 
use the interface boundary conditions at the spherical contact, welded in this 
case, to find the coefficient of the expansion. Since this is a whole-space 
problem, the separation of the shear displacement field into SV and SH waves 
and potentials may seem an unwarranted complication. But, for completeness 
and for use in a later paper, we present potential expressions in Appendix A for 
an arbitrary orientation of the symmetry axis, which will facilitate the incorpo- 
ration of this source into a vertically inhomogeneous elastic half-space problem. 
Initially, for ease of formulation, the spherical coordinate system is oriented 
with the source on the vertical axis, i.e., 0 = 0, so that only SV waves are 
generated. Once the displacement field is obtained, the coordiante system is 
rotated for a more general source orientation and expressions are then given in 
Appendix A to convert he wave fields into P-, SV-, and SH-wave potentials and 
their respective displacement fields. 
THEORY 
The geometry and the coordiante system are given in Figure 1. The displace- 
ment resulting from an explosive source located at the spherical coordinates, 
(r0, 00, ~b0), in a homogeneous, isotropic, unbounded elastic medium may be 
expressed in the form (Ben-Menahem and Singh, 1981, p. 384): 
u 0 = ik~g(oJ)AoVho(e)(k~R), 
where the receiver is located at (r, 0, ~b); g(~) is the spectrum of explosive 
source function; V is gradient; ho(2)(k~ R) is spherical Hankel function of second 
kind; k~ = w/a; ~ is the compressional velocity; a 2 = ()~ + 2tD/p in terms of 
the density p and the lame' constants 2, and ~; R is distance between source 
and receiver; and 
M0 
Ao= 
4~(A + 2~) ' 
where M 0 is the seismic moment. 
We now express the spherical Hankel function ho(2)(k~R) in terms of r 0, r, 
and the angle ~ between the position vectors of the source and receiver as 
ho(2)(k~R) = ~ (2/ + 1)jz(k,ro)hz(2)(k~r)Pl(cos 6), 
/=0 
where r > r 0, jl(k~r) is the spherical Bessel function; and Pl(cos 0) is the 
Legendre function. Initially we replace ~ by 0. This is equivalent to assuming 
that the source is located on the z axis, that is, 0 o = 0. With this substitution, 
the displacement expression becomes 
UO 
• 2 = ~k~ g(w)A o ~ (2l + 1)jl(k~ro)Loz(k~r ) 
l=O 
for r > r o and where Lol(k~r) is defined below. 
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FIG. 1. The geometry and the coordinate system used in this study. Star is source, and triangle is 
receiver. 
I f  we bound the  source med ium by a sphere  of  rad ius  r = a, we can assume 
the  d i sp lacement  f ie ld ins ide  and outs ide  as 
u 1 = u o - • (2 /+ 1)[alN~t(k~lr ) + bzL~z(k~lr)] ( la )  
l=O 
fo r r>ro ,  r<aand 
/~cG 
u2 = E(2 /+ 1)[czNol(k~r) + dzLoz(k~2r) ] (lb) 
l=0 
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for r >_ a, where k s = (o/fl; fi is the shear velocity; and fi~' = I~/p. The bound- 
ary conditions to be satisfied at r = a are 
u I = u2 ,  (2a)  
e r • ~(u l )  = e r • ~(u2)  , (2b) 
where ~ is the stress dyadic. The displacement and stress dyadic can be 
conveniently expressed in terms of the Hansen vectors, which are the eigenvec- 
tor solutions of the force-free Navier equation (Ben-Menahem and Singh, 1981, 
Chapter 2). The Hansen vectors in terms of spherical harmonics are 
d 1 
+ = + + 1/2 
L;nz(~) ~-~fl-(~)Pml(O,4)) +-~f l - (5) [ l ( l  + l)] Bml(O, dP), 
1+ 1) 
Ngz(~/) = --fz-(~l)l(177 ÷ 1)Pml(O' ¢) -4- ~ + fz+(~l)[l( l + 1)]~/2Bml( O, 4), 
where 
Pml( O, ~b) = erplm(cos O)e im¢ = erYml( O, ~b), 
~/l(l+ 1) Bml = °-0-0 +%sinO04~ Pzm(c°sO)eim¢' 
and where ~ = k~r, ~? = k~r, fl+(z) = jl(z),  and f l -(z) = hl(2)(z). 
The corresponding stresses are given by 
e r • ~(n)  = 2txka[Fl ,3(~)Pml + F l , l (~) [ l ( l  + 1)]l/2Bml], 
e r . ~(N)  = Izk~[2l( l  + 1)Fz, I (V)Pml  + F~,2(TI)[l(l + 1)]~/~Bmt]. 
The functions Fl, i are given by 
F?~(z)  = - 
z dz 
1) fz±(z )  
z 
( l -1 )  1 + 
z ~ fz±(z )  - zf~l(z), 
[~  ] + ( l -1 ) ( l+2) fz+ ( 2 + z defl-  + z), 
Fz+2(z) = (l z - 1) - 1 fl+-(z) + zfl~_l( ) dz 2 Z2 
fl~3(z) = -~l ( l  - 1) - ~ fz-(z)  + fz~l(z) = -d~z2fZ +-- ~--~fz-(z). 
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Substituting the above into equation (1), we have for the / th  components of the 
displacements 
[ 1 d 1 ul l  -~ ik2 g(  w)Ao(2 l  + 1) j (k~f  o) f l - ' (  ~l)Pzer + ~ l f l -  ( ~l)- -~Pleo 
- (2 l  + 1)az - - f l+( r l l )Pzer  - (2l  + 1)a 1 + - -  fl (rll)~-5~Pleo 
~1 711 
1 d 
- (2 l  + 1)b l f l+ ' (~ l )P le r -  (2l + 1)bzfz+(~l)-~l---~Pleo, 
N 2 (de)a~l  aud 
u2l = (2 /+ 1)c l - - f l - (~72)P le  r + (2/ + 1)el -7- + - -  f l-(~?2)--~Pleo 
~?a 772 
1 d 
+(2 /+ 1)dt fz - ' (  ¢e)Pze r + (2 /+ 1)dtf~- ( ¢2)~--:i-~Pze o, ¢e av  
(3) 
and the / th  components of the spherical surface tractions 
e r • ~(u l / )  = i k~ lg(w)Ao(2 l  + 1) j l (k~fo)  
• F~3 (  l)Pz(cos 0)er + F I( 1) ~--~P~(cos 0)e0 
- (2 /  + 1)a Z/zlk~l 
• 2N2F{,l(~?l)Pl(cos O)er + Fi+2(~71) ~P l (cos  0)eo 
- 2(2l + 1)bt~lk~ 
• Ft+,3( ~l)Pl(eos O)er + Fz+,I(~1) ~--~Pz(cos O)eo 
= l)ct/~ek~2 [ d ] e r " ~(112/ )  = (2 /+ 2YeFf ,  l(~e)Pl(cos O)e  r + Ff,2(~'I2)-~PI(cos O)e o 
+ 2(2 /+ 1)d~/z2k~ 
[ d O)eo], • [FEa( ~2)Pz(cos 0)er + F~I (~2) ~--~Pz( cos 
where N 2 = l(l + 1) and the prime (') denotes differentiation by the functions 
argument, and where ~1 = k~la, ~h = k~la, ~2 = k~ a, and ~q2 = k~2a. 
Using equations (2), and comparing the coefficients of Pz(cos 0)e r • ul, (dPl(cos 
O)/dO)e o • u l, Pl(cos O)e  r • ~.~(Ul) " e r ,  and (dPl(cos O)/dO)e r • ,~(ul) • eo, we have 
the matrix equation 
YC = D, (4) 
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where 
[ 1 IT D=" 2 ~k.~g( w)Aojz(k~ro)  f~-'( ~i), -~fz-  ( ~),2p~ik~F~,~( i ) ,2t~k~Fz i( ~i) , 
(5) 
d T C= (a~,bz,c z, ~) , 
y = 
N 2 N 2 
+ +t( fz (~) f~ ~) L-(~2) 
~i ~2 1) 1) 
+--~i fz+0?l) __~fl (~1) ~ +--~72 fz-0?2) 
(6) 
fz-'(~2) 
1 
~2fz (~2) , 
2tL2 k~2F~3(~2) 
2 i~ 2 k~2Fz~l( ~2 )
(7) 
where T denotes transpose. We can now determine the coefficients (6) of the 
expansion (1) and equation (3) by equation (4). 
Even though the potential relations in Appendix A are convenient for includ- 
ing this source in propagator and generalized ray calculations, they are awk- 
ward for evaluating the whole space wave fields. For this, we introduce an 
alternative approach. If the source is located at (r0,0, 0), the displacement fields 
are given by equations (1). Generally, if the source is located at (r 0, 00, ¢0), 
Figure 1, 0 and ¢ should be changed to 8 and 7, with cos 8 = cos 0 cos 00 + 
sin 0 sin 0oCOS(~b- ~b0). The range of 8 is 0 to 360 °, and 8 is defined as the 
angle measured clockwise from the position vector of the source to the position 
vector of the receiver. For this source geometry, the coordiante system with ero 
as the north pole has unit base vectors (er,e~,e~), and coordinates (r, 8, ~). 
Even though there are no displacements in the 7 direction for this symmetry, 
the most straightforward way of defining 8 is in terms of e~, the normal to the 
plane containing r0 and r. The displacement fields are now written as 
U = (Up r ~- u rsv )er  -~ (Up (~ Jr- U~v)es ,  (s) 
where 
e~ = e~ x e r 
1 
- s in  8 (e r (e~ .e~o ) - {~ro) ,  
since 
e~ = ero X er /s in  8. 
The P and SV displacements, ur and u ~, are obtained by summing over l the 
coefficients of e r and e~ in the second of equations (3). Resolving the angular 
displacements, u 8 into the more general coordinate system (r, 0, ¢), we can 
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write the displacement fields as 
with 
U = urer  + uOee + u*e,, (9) 
U r = Up r + Ursv,  
U 0 = - - (Up  3 + U~v)(sin 00cos 0 cos(¢ - 60) - cos 0osin 0) /s in  6, 
and 
u * = (up 3 + u~v)sin Oosin(6 - 6o) /s in 8. 
When 6 = 0 or  180 °, equations (9) no longer hold. This is when the source and 
receiver are on a line through the sphere origin and then we should use 
equations (3). 
Before going on to numerical examples, there is one further point to discuss: 
the inferred seismic moment. In the following, we assume that the observed 
seismic radiation can be inverted back to the source region using appropriate 
Green's functions. We further assume that the observers either do not know the 
details of the source's environment, such as in this case the material properties 
of the embedded sphere, or if they do have this knowledge, they decide not to 
correct for it. Then, the source region properties used in the Green's functions 
are that of the exterior medium, and we will refer to this inverted moment as 
the inferred or "observed" seismic moment. For our source, the "observed" 
seismic moment is 
2 
P2a2 
Mobs  = 2 +4/3  ( P2 fi2 2 -- Pl plOL1 ~12) M0, (10)  
where M o is the input moment of the explosion. By input moment, we mean the 
moment hat would be measured if the confining or shot point medium of the 
sphere was a whole-space. This equation is obtained by using equation (B4) of 
Appendix B and letting w go to zero. Since nuclear explosion sources are 
frequently characterized by A 0 or the more familiar notation, ~F(m), which is the 
asymptotic value of the reduced isplacement potential for large time, and 
M o = 4,n-pol2XI-r(oo),  
we can write equation (10) as 
= q~(~), (11) 
xP'(m) °b~ --~-~2 4 f i2 ( /~2 ) 7~--1  
1+3~ 1 
where the elastic rigidity t* = Pfi 2 and as before the subscript 1 denotes the 
inclusion or shot point material and 2 denotes the exterior medium. Thus, the 
difference between "observed" and shot point ~(~) is independent of density 
contrast and in source media with similar Poisson ratios is only a function of the 
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rigidity ratio of the material in which the T(~) is measured and the shot point 
material. The smaller the shot point rigidity, the smaller the "observed" T(~) 
while large shot point rigidities cause amplification. Since the minimum realis- 
tic ratio of P-to-S wave ratios is ~f2, which corresponds to a Poisson ratio of 
zero, the maximum possible amplification is a factor of 3. 
RESULTS 
In this section, we present some numerical results. For all of the synthetics, 
we assume that the moment ime history is a step function, i.e., 
and 
g(  w) = 1 / iw ,  
M o = 4¢rplal 2 × 10 20 dyne-cm, 
where p is in g /cm 3, and the velocities, a and fi, are in km/sec, and distances 
in km. Thus T(~) is kept the same for the different spherical source media 
models. The distances are in km and the displacement is in cm. The spectral 
band-width is from 102.4 sec in period to 10 Hz. As our standard model, we 
assume the elastic parameters and dimensions given in Table 1. The receiver is 
located 10 km from the center of the elastic sphere unless otherwise indicated. 
The material model for the whole-space outside of the sphere is reasonable for 
sedimentary egions; see for example Zhao et al. (1991). When investigating the 
effect of different elastic properties of the sphere, Nafe's velocity-density rela- 
tion (Ludwig et al., 1970) is used to obtain densities and S-wave velocities for a 
given P velocity. We used 20 terms to sum up the wave fields; see equation (1). 
The error induced from truncation of order m is approximately the order 
m6(ro/ r )  m. This error determination is from the eccentricity expansion or 
addition theorem of equation (1) and depends on the ratio of the arguments of 
the Bessel and Hankel functions used in the series expansion, which in turn 
removes any frequency dependence. 
Figure 2 gives a comparison of displacement fields calculated by our infinite 
series formulation, i.e., inversion of equation (4), and by the numerical evalua- 
tion of two analytic losed form solutions. The upper pair of synthetics show the 
whole-space r sults, while the lower pair show the results for a source located at 
the center of the solid sphere in a whole-space. The formulation for the wave 
field outside of the solid sphere due to a centered explosion is given in Appendix 
B. The solutions, both closed and series, are calculated in the frequency domain 
and then transformed to the time domain, so that each pair of time histories 
shows almost identical precursor artifacts, which are caused by the numerical 
transforms. The agreement within pairs is excellent. 
TABLE 1 
MODEL 
fi p Radius 
(km/sec) (km/sec) (g/cm 3) (kin) 
1.80 0.41 1.84 0.5 
4.55 2.57 2.45 
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Ana.  o.2262 cm 
Num. 0.2261 cm 
~ Ana.  0.3009 cm 
0.2010 c rn  
0 2 4 6 8 10 
FIG. 2. Compar isons  of numer ica l  resu l ts  with two known analyt ical  solutions. The upper  is for 
the wave fields of whole space, whi le the  lower is for the  wave fields from a centered source in an  
embedded sphere.  "Num."  denotes numer ica l  and "Ana." denotes analytic.  
In the following f igures, we will refer  to P- and S-wave arr ivals  as radial  and 
r ~ r /t azimuthal .  These are Up, Up,  u s , and s , respectively, in the notat ion of the 
previous section. The P waves are the contr ibut ion to the d isp lacement  field 
f rom the P potential ,  begin at  the P-wave arr ival  t ime, and physical ly corre- 
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spond to P or compressional waves arriving at the receiver that have undergone 
multiple reflections and conversions between P and S in the spherical source 
region. An analogous tatement applies to the S waves with P replaced by S 
and compressional by shear. At a range, r, of 10 km for the standard model, the 
near-field P arrival uS,  which is the displacement component perpendicular to
the propagation direction, and the near-field S arrival Us r, which is the compo- 
nent in the radial or propagation direction, are about 10% of the far-field 
arrivals u S and Us ~. For a dynamic point source, one would expect far-field 
displacements to fall off as 1/r and the near-field to attenuate as 1/r 2. This 
was investigated by generating wave fields at ranges from 5 to 40 km in 5-km 
intervals for the standard model. The waveform of each of these displacement 
components was found to be independent of range and by 10 kin, the displace- 
ments fields indeed attenuated as predicted. 
In most of the following examples, 0 is set to 90 °, i.e., the source and receiver 
are both in the horizontal plane. This was done to check our numerical algo- 
rithms for the transformations given in equation (8), which are used to obtain 
SV and SH displacements from the initial SV-0nly shear displacement field. 
Figure 3 shows displacements at a receiver located at (r, 0, ~b) = (10, 90 °, 90°), 
with the source at (0.45, 90 ° , 180°). At these coordinates, the source and receiver 
position vectors are 90 ° to each other with respect o the sphere origin. We see 
that strong shear waves, as evidenced by the azimuthal component of S waves, 
are generated at receiver azimuths 90 ° from the symmetry axis of the source 
and the center of the sphere. Also the time difference between the two biggest 
arrivals in both the P and S waveforms is about 2.5 sec, which is the time 
needed for an S phase to travel through the sphere. This interval can be 
detected between many arrivals. Thus the bigger arrivals in the seismograms, 
except for direct P and S generated at the sphere boundary, can be interpreted 
as phases, which have traveled through the sphere at least once as S. The 
S-wave displacement is about a factor of 10 greater than the P-wave displace- 
ment. This is somewhat misleading, since, as we shall see in later examples, 
this is the azimuth of minimum P displacement and of maximum long-period S. 
The change in displacement fields as a function of source asymmetry is 
displayed in Figure 4. The model and the geometry are the same as that used 
for Figure 3, except hat the source radius, ro, is varied from 0 to 0.45 km, the 
location in Figure 3, in 0.05 km increments. From this figure, we see that only P 
waves are generated when the source is at the center of the sphere, ro equal to 
0. At this azimuth, as r 0 increases, the P-wave maximum amplitude is reduced 
by about a factor of 10, while the S-wave amplitude is increased to almost 50% 
greater than the P waves due to the centered source. The bottom traces, 
r 0 = 0.45 km, are the same as those in Figure 3 except on a common scale. 
Figure 5 illustrates the effects on the wave fields as the velocity-density 
structure of the spherical source region is varied. The exterior medium proper- 
ties are the same for all cases and are given in Table 1. The first row of traces 
are the same as those in Figure 3. For the bottom row, the sphere and 
surrounding space have identical properties and thus these traces are the 
results for an explosion in a whole-space. The source-receiver geometry is the 
same as Figure 3. We see that the greater the elastic contrast between the 
spherical source region and exterior medium, the greater the S waves gener- 
ated. This is evidenced by the relative excitation between P and S on any given 
row. In making amplitude comparisons between differing source media in the 
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P Disp Az 
Disp Rad icAL  
~ L O. 0039 cra 
S Disp R a d  
S Disp Az T 
O. 33 cm 
J J 
5 seconds 
Fro. 3. An  example  of wave fields from an off-centered source in an  embedded sphere with a 
rad ium of 0.5 km. "P" is for the  P waves,  and "S" is for the  S waves. "Rad" is for the e r component,  
and "Az" is for the  e¢ component.  The numbers  are the peak ampl i tudes.  
figure, one must  remember  that  the moment  increases as one moves down the 
row with increasing velocities and density while T(~)  remains unchanged. 
F igure 6 shows the wave field variat ions as the angle, ~, between the source 
and receiver position vectors changes. When ~ = 0, the source, the receiver, and 
the center of the sphere are in a line. At this angle, no P or S 8 components are 
generated. The near-f ield S r components are P-to-S conversions at the bound- 
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ro (k rn ) [  P Rad 
0.00  ? ' "  0.22  cm 
0.05 + o.21 
0.i0 + 0.1'7 
0.15 4: . . . . .  o.t~ 
P Az S Rad 
O.OOx i0 -z O.0Ox 10 -2 
0.20  4" '  ' ' - -  
0.21 
0.33 
i6  0 .50  
0.15 0.6;8 
0.25  ~t  ~- '-~ 0 .12  0.63 
0.53 1.0 
0.35  _.l,,.~. , , 0 .065  0 .43  - - - , -  1.3 
S Az 
0.00 
0.40  -~*  0.043  0 .40  ~ 1.8 
0.046 _ _ ~  0.071 
0.45 -4----,, 
o.18_~,~ q:~ 
0.39  
0.034  0 .39  ~ 3. i 
o.6~ _~~ o.A~ 
0.87 _ _ ~  
20 seconds 
FIG, 4, Wave fields for different source distances to the center of the embedded sphere with a 
radium of 0.5 km. The 10 -2 on the second and third traces of the first line, apply to all the traces in 
the second and third columns, ro is the distance from the source to the center. The vertical scale is 
same for all seismograms. 
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(a,  uF u? 
(1 .80 ,0 .41)~034 cm 0.39X 10"~_4._.~. 2.14× 10-z  
(2 .10 ,0 .69) -~ 0.054 0.43 ~-t.~. ~- 2.08 
(2.40,1.00) ~=- :  0.083 0.57 t,.. 1.60 
(2.70,1.26)-J~: 0.11 
(3.oo,1.48)--~ o.15 
(3.30,1.70)~ L 0.17 
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/ 
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(4.55,2.57) J 0.23 
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t . . . .  
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- -  t 
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0.24 
0.18 
1.08 0.47 I 0.12 
1.07 0.24 i 0.063 
1.06 
I 1 
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0.00 0.00 
FIG. 5. Wave fields for different materials in the embedded sphere, a is compressional velocity, 
and /3 is shear velocity. Nafe's velocity-density relation is assumed for the shear velocity and 
density p. 
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5° / uF  
o ~  
~ o ~  
40- -~ 0.095 
50- -~ 0.093 
60-~ 0.083 
7 0 ~  0.057 
8 0 ~  0.047 
9 0 ~  0.034 
u]  u~ u~ 
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o .49  ~ o .o ,4  ~~ 
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I I 
i 0  seconds  
FIG. 6. Wave fields as a function of 3 for the standard model. ~ ranges from 0 to 90 °. 
ary that are focused back on the axis. The elastic sphere acts as a contact lens 
magnifying the the wave fields, like the Earth does at the antipode of an 
earthquake (Rial and Cormier, 1980). When ~ increases, the P amplitude 
decreases, and S amplitude increases. The bottom traces are again those of 
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Figure 3. Comparing the bottom row with the top row and then with the top row 
of Figure 4, we see that the maximum S-wave amplitude is almost three times 
the maximum P-wave amplitude for this the maximum degree of asymmetry 
investigated and is more than 50% greater than the P-wave amplitude for the 
center explosion. Thus from Figures 4, 5, and 6, we see that the degree of 
asymmetry of the source region and the contrast between the media determine 
the intensity of the S-wave fields. 
In Figure 7, we show the results for different sizes of the elastic sphere. The 
source radius is kept at the same fraction of the spheres's radius as in previous 
cases, i.e., r 0 is 0.9a. The fourth row in the figure is the same as the last row in 
Figure 6 since the radii and source-receiver angles are the same, i.e., 0.5 km 
and 90 ° . Most of the observed effects can be explained by noting that increasing 
the radius under these conditions is similar to decreasing the velocity. Thus, we 
expect ime differences between arrivals to increase and a decrease in frequency 
content as the radius increases. 
Figure 8 displays the radial components of the P waves on the symmetry axis 
for different source radii with 3 = 0, i.e., source and receiver on the same side of 
sphere center and 180 °, i.e., opposite sides. The distance used is 10 km from the 
source, while in previous figures the receiver was 10 km from the sphere center. 
If the source is located at the center of the solid sphere, the wave fields for 
3 = 0, and 180 ° are of course identical. The numerical evaluation of the analyti- 
cal solution was shown in Figure 2. As the source is moved toward the boundary 
of the sphere, the early arrivals separate and diminish in amplitude for 5 = 0. 
For 3 = 180 °, they converge and grow in amplitude as the source passes through 
an effective focus in the sphere and then decrease in amplitude as the source is 
moved closer to the boundary. 
In Figure 9, we keep the dimensions and source-receiver angles the same as 
Figure 8 but vary the sphere elastic properties using the same relationship 
between velocities and densities as before. The source radius is 0.45. The first 
row is the radial P wave field for velocities and density, which are the same as 
the previous figure. They can be considered an additional row to the previous 
figure with the source radius increased from 0.4 to 0.45 km. All traces on this 
figure are on a common scale in order to demonstrate he increase in amplitude 
of the early arrivals at ~ = 0 ° and the reduction in amplitude of the later 
arriving S coupled internal reflections at both receiver positions as the veloci- 
ties and density of the sphere are increased to that of the whole-space. The 
whole-space result is only slightly larger than the ~ = 0 ° trace on the bottom 
and of course smaller than the ~ = 180 ° bottom trace. The effect of decreasing 
the impedance contrast and of reducing the travel time for reflections in the 
sphere reduces the partitioning of direct P into later arrivals. The increase in 
moment while keeping T(~) constant as we go down the rows seems to have 
only a minor effect on the direct P amplitude. It is notable that the largest 
amplitude of direct P is in the middle rows where the elastic contrast is 
intermediate and in the receiver direction where the path is longest in the 
sphere, i.e., ~ = 180 °. This is due to the source being near the focus, which 
changes position relative to source point as we change velocities. This is similar 
to the previous figure where we moved the source relative to the fixed focus. 
With the exception of Figure 6, we have investigated the time histories at 
either the long-period maxima for the S waves, i.e., 5 = 90 ° or at the P-wave 
maxima, i.e., ~ = 0 or 180 °. Even in Figure 6, 5 ranged only from 0 to 90 °. In the 
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FIG. 7. Wave fields for different radii, 0.2 to 0.9 km, of the embedded sphere. 
next  th ree  f igures ,  we show the  rad ia t ion  pat tern  for P and  S at  per iods  of  1 
and  20 sec as  a funct ion  of  source  rad ius ,  e las t i c  parameters ,  and  rad ius  of  the  
sphere .  The  per iods  were  chosen  for the i r  obv ious  s ign i f i cance  to se ismic  magn i -  
tudes .  The  asymmetry  of  the  source  reg ion  is seen  to have  s ign i f i cant  effects on 
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FIG. 8. Radial components of P waves at 6 = 0 and 180 ° for the different source locations. In the 
drawing of the sphere at the top, the star  indicates the source. 
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FIG. 9. Radial components of P waves at 8 = 0 and 180 ° for different P and S velocities and 
density in the sphere. 
short-period radiation patterns, but to have only minor effects on the long 
period. 
Figures 10, 11, and 12 show radiation patterns for different configurations. 
"P" and "S" in these figures denote the radial component of P waves and the 8 
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FIG. 10. Spectral radiation patterns at periods of i and 20 sec for different source locations. "P" is 
for the radial component of P waves, and "S" is for the 8 component of S waves. On the drawing of 
the sphere at the top, the direction of 8 is indicated. The star indicates the source. "+" is the center. 
Dash circles with the same centers as the P radiation patterns are the P-wave radiation patterns 
for a source located at the center. The numbers on the right of the S-wave radiation patterns are 
the multiplicative factors used to adjust the size of S-wave radiation patterns for comparison with 
the corresponding P-wave radiation patterns in the figure. 
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FIG. 11. Spectral radiation patterns for the different elastic media of the embedded 
sphere. 
component  of S waves,  respectively.  The distance used for these calculat ions is 
1000 km to void the near-f ie ld contr ibutions.  The source is on the hor izonta l  l ine 
for all these f igures. The direction of 8 is indicated on the d iagram of the sphere 
at the top of F igure 10 wi th  a star mark ing  the source. The sphere center is 
shown as a "+" in all the radiat ion patterns.  The dashed circles wi th  the same 
centers as the P radiat ion patterns are the P -wave  radiat ion pattern for the 
source located at the center for the part icular model  and demonst rate  the 
ampl i tude effect due to source asymmetry .  The dashed l ine part of the S -wave  
radiat ion pattern indicates negat ive  ampl i tude compared to the solid l ine. In 
this case, posit ive indicates a c lockwise d isp lacement  and negat ive  is counter  
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FIG. 12. Spectral radiation patterns for different radii of the elastic sphere. 
clockwise. The number at the right-hand side of the S-wave radiation pattern is 
the multiplyer of the S-wave pattern used to plot on the figure; i.e., the larger 
the number the smaller the actual pattern compared to other S-wave patterns 
on the figure and the P-wave pattern next to it. 
Figure 10, using the standard model, shows the radiation patterns for differ- 
ent source locations, r 0. Figure 12 uses the same elastic model but different 
radii of the solid sphere. In Figure 11, the sphere's elastic parameters are varied 
in the inverse order to Figure 9. Similar effects are seen in all three numerical 
experiments. As the source radius is increased, the elastic parameters of the 
sphere are decreased, or the sphere radius is increased, and the radiation 
patterns become more asymmetric. In other words, the P-wave radiation be- 
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comes less spherical and the 20-sec S-wave pattern, which is essentially the 
radiation pattern for a point force pointed away from the source, becomes 
larger. From these figures, we also see that the intensity of the P waves 
radiated by an off-center explosion is greater than that by the corresponding 
center explosion with the same q¢(c¢) except in Figure 12, where, increasing the 
source and sphere radius beyond the dimensions of the standard model, the 
opposite is true. Also by comparison within each row, we can see that S-wave 
generation is much smaller and that the P-wave fields are closer to the 
excitation of a center explosion for longer periods than for shorter periods. 
An interesting feature is the shape of the radiation patterns at short periods. 
For the P wave in Figure 10 and 11, we see that the radiation pattern is similar 
to a dipole. The radiation patterns are reminiscent of those of far-field P and S 
waves scattered from localized inhomogeneities when plane P waves are inci- 
dent (Aki and Richards, 1980, p. 732). This should not be surprising since in our 
case the incident wave is a spherical P wave interior to the scatterer. In 
comparing the Aid and Richards figure with ours, one must remember that our 
P-wave radiation patterns include the transmitted spherical wave perturbed by 
the scattering or asymmetric contribution, where theirs is only the scattered 
wave. 
Another interesting feature in all three figures is that the maximum long- 
period 20-sec P-wave amplitudes are at least twice (~- 1.8) as large as the 
corresponding maximum S-wave amplitudes for all cases calculated. This is in 
agreement with the empirical formula for explosions in axisymmetric cavities of 
Rial and Moran (1986). But because their sources were in the symmetry center 
of the cavity, the resulting S-wave radiation was more like a dipole than a point 
force at low frequencies. 
In Figure 13, we investigate the error introduced if we estimate the moment 
by using a finite time length, which may include only the initial few pulses. The 
synthetics in Figure 13 are calculated for our standard velocity and density 
model keeping only 1//r terms, i.e., the far-field approximation. The distance 
used is 10 km from the center. The top trace is the response of a centered 
explosion; the lower one is the response of an off-center explosion. The source is 
0.45 km from the center of the sphere and the angle, 3, between the source and 
receiver is 45 ° . From the long-period P-wave radiation patterns, we know that 
the angle is irrelevant as long as we are interested in moment. The moment is 
calculated from the area using the zero frequency spectra and corrected from 
"observed" to actual moment by equation (10). From the figure, the longer the 
time interval we use, the better the estimate we get. The first few pulses hold 
more than 80% of the moment in these two examples. Even though the first 
pulse holds about 90% of the moment, in a real situation it would be difficult to 
separate the effect of local reverberation. In this case, if we take a long enough 
window, the reverberations finally die down and we get a good estimate. 
Figure 14 shows Mobs/M o as a function, equation (10), of the sphere compres- 
sional velocity, al, for different values of the whole-space compression veloci- 
ties, a2, assuming Nafe's velocity-density relation. For exterior velocities greater 
than those of the sphere, the "observed" moment Mob 8 is greater than the input 
M o. And for velocities less, the opposite is true. 
How and to what degree the energy for a given explosion is converted into 
seismic energy is beyond the expertise of the authors. We also do not know 
whether seismic moment or q~(~) is the least affected by the physical properties 
. . . .  I . . . .  I 
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FIG. 13. Moment  es t imates  as  a funct ion  of record  length .  The  numbers  are  the  percentage  of 
es t imated  moment  to input  moment  obta ined  us ing  the  t ime length  f rom the  beg inn ing  to the  dash  
l ine  mark  on the  record  be low the  number .  The  upper  t race  is the  se i smogram of a centered  
explos ion.  The  lower  one is the  se i smogram of an  of f -center  explos ion.  Deta i led  parameters  are  g iven  
in  the  text .  
of the shot point material and thus best characterizes an explosion of a given 
yield. For the numerical results given above, we have kept ~(cc) constant, and 
thus moment has varied as we changed the shot point medium. This was done 
for convenience and does not express an opinion on "seismic oupling." 
CONCLUSIONS 
In this study, we gave the analytical formulas for the wave fields from an 
off-center explosion in an embedded sphere. Numerical calculations were com- 
pared with the known analytic solutions. We also calculated P and S wave 
fields for different ro, the source distance to the center (Fig. 4), for different 
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FIG. 14. Ratio of the "observed" moment o the input source moment, Mot~JMo, as a function of 
the compressional velocities, al,  of the embedded sphere for different whom-space velocities, a2, 
assuming Nafe's velocity-density relation. 
sphere materials (Fig. 5), for different azimuths, 5 (Fig. 6), and for different 
sphere radii (Fig. 7). The degree of media contrast and the asymmetry of the 
source determined the size of S-wave generation. For the most extreme case 
investigated, we found that the maximum S-wave amplitude in the time 
domain is almost three times the maximum P-wave amplitude and is more than 
50% greater than the P-wave amplitude for the center explosion. Before extrap- 
olating these time-domain results to more realistic environments, one must 
remember that this is a very high-frequency source with a contribution to the 
far-field displacement, which is essentially fiat in frequency. 
In the frequency domain, the asymmetry of the source region has significant 
effects on the radiation patterns of short period but has only minor effects on 
that of long period. We also found that the maximum long-period P-wave 
amplitude was at least a factor of 2 greater than the S-wave maximum 
amplitude for our models. We also investigated the amount of moment error 
caused by using a finite time window. With care one can obtain meaningful 
estimates using only a short duration that contains relatively few pulses. Since 
the moment relation, which is obtained in the limit of zero frequency, is 
independent of the source location in the sphere and does not involve the 
geometry or dimensions of the sphere, we infer that it probably holds for 
embedded homogeneous source regions of any shape. 
The long-period SH-wave radiation, which would be generated if the symme- 
try axis is in the horizontal, has a dipole radiation pattern. This is not the 
quadrupole radiation pattern proposed for known underground test sites. 
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APPENDIX A 
For inclusion of this and rotated versions of this source into a vertically 
inhomogeneous half-space, it is convenient to express the source in terms of P- 
and S-wave potentials using the Helmholtz resolution, 
u = V~ + V x ~,  (A1)  
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where • is the P-wave potential and ~Ir is the S-wave potential. For the 
external medium, the P- and S-wave potentials can be expressed as 
1 l=~ 
• = ~ ~ (2 /+ 1)dlhl(2)(k~r)P~(cos 6), 
l=O 
1 z=~ d 
= ks l=o ~ (2 /+ 1)czhz(2)(k~r)-~Pt(cos 3)e. 
(A2) 
(A3) 
For the translated coordinate system with the source located at (to, 0 o, ~o), 
Figure 1, we use the addition theorem for zonal harmonics 
Pl(cos 3) = 
l (l - m)! 
F ffm plm( cOs O)plm( cOs 00) 
=o (l + m)! 
• (cos rn q~ cos m ~b o + sin m ¢ sin m¢o). (A4) 
Substituting (A4) into equation (A2), we obtain equation (A5): 
0 
n=~ m=n 
k~ 2 n=O ~ m=O~ [nnmcOS rod) + Bnmsin m¢]pnm(cos O)hn(2)(k~r), (A5) 
where 
A~m = - (2n  + 1) 
Bnm = - (2n  + 1) 
(n - m)! 
k~d~e,nPZ(cos Oo)cOs moo, 
(n + rn)! 
( n - m)! k ~d~ emP m(co s Oo)sin m~bo. 
(n+m)!  
(A6) 
For the shear potential, we implicitly define ~ as 
= 0e~, 
and in the translated coordinates 
~t = t~rer + ~bOeo + 04e4, 
with 
ftr ~ 0~ 
O ° = -O  sin Oosin (~b - q~o)/sin 3, 
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and 
0~ = -O(s in  Oocos 0 cos(~b - ~bo) - cos Oosin O)/sin 8. 
Defining 
d 
~ : ~Pn(cOs  8)e~ 
or  
~/m n = -P~(cos  8)ero × er, 
we obtain 
(~nl : --P~(cos /~)(sin Oosin ~boCOS 0 - sin 0 sin ¢ cos 0o), 
~bn2 = -P ' (cos  8)(cos Oosin 0 cos ¢ - sin OoCOS Cocos 0), 
¢~3 = -P~(cos ~)sin Oosin 0 s in(¢ - ¢o), 
where 
dP~(cos 8 ) 
P~(cos 5) - d cos 8 
Then, 
 Pn(cos 
P'(cos 8)sin 0 sin Oosin(~b - ¢o) = -4n3,  
(~nl : s in  ¢o 
 PAcos 
300 cot OoCOS ¢o" ~n3' 
¢n2 ~ --COS ~0 
 Pn(COS 
300 
- cot 0osin ¢0 " ~bn~" 
From these relations, it is not difficult to get equation (A7) in a manner 
similar to equation (A5): 
n ~ Tr t~n 
E E [C(n~ cos m~¢ + Dn(~ sin m~]pnm(cos O)hn(2l(k~r), (A7) 
k~ 2 n=O m=O 
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where ~j  ( j  = 1, 2, 3) are the Cartesian components of the S-wave potential ~I~, 
and 
C(n]) .  m ~ - -  _ _  
D(im ) = __ __ 
+ 1) 
00) cot 0 o cos ~b osin m ~b o], tuRn m (cos 
kl~(2n + 1) (n - m)! [ d m 
2 (n T m)} emc~ --~oPn (COS 0o)sin ~bosin m~b o
+ rnP,~m (cos 0 o)cot 0 o cos COCOS m ¢o ], 
kt~ (n - rn)[ [ d m 
Cn (2) --- -~(2n  + 1) (n + rn)! EmCnt ~°P~ (cos 0o)COS ~boCOS m~b o
+ mPZ(cos  0o)COt 0osin ~bosin rn~bo 1 , 
D~ ) - k~(2n + 1) (n - rn)! [ d m 
- 2 (n + rn)! emc~ -~o P~ (cos 0o)COS ~bosin m~b o
-mPn~(COS 0o)cot 0osin ~boCOS m~bo 1, 
(n - m)! 
C(n~ _ kz (2n + 1) emc~P ~ (cos Oo)sin m~bo, 
2 (nTm)!  
k~ (n - m)! 
D(2 A =  -(2n + 1) (n + (COS 00)COS m o, 
(n - m)! [ d m 
(n-+ m)! emC ~[-~oP~ (cos 0o)sin ~boCOS rn~b o 
(A8) 
where e m = 1 if m = O, e m = 2 if m ~ 0. ~3 is the SH-wave potential. 
From the equations (A8), we see that SH waves will be generated if C (3) and 
- -~tm 
D (3) are not 0 in Cartesian coordinate system. Harkrider et al. (1992) give a nm 
detailed derivation of the surface waves in layered media due to a transparent 
source expressed in the general form (A5) and (A7). 
When the explosion source is on the z axis, as in equation (A3), there are only 
SV waves because of symmetry. As one moves the source off the z axis, the C (3) nrr t  
and D(~ are no longer zero and we have SH waves as one would expect. 
APPENDIX B 
In this appendix, we give the analytic solution for the source at the center of 
the cavity. From equation (1), we have 
u 1 = ALo, o(k~lr ) - bL~,o(k~r), 
u 2 = dLo, o(k~2r), 
(BI) 
(B2) 
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where A is ik.~g(~o)A o. Other terms in (1) are 0. From the boundary condition 
at r = a, we have 
-- ho(2)'(~:2) 1 ( ho(2)'(~1) 
j ' 
where ~:i = k~ia, ~/= I~lk,1/l~2k~2, and 
A = F~,3( ~2)J;(~1) - ~/ho(2)'( ~2)F~*,3( ~l)- 
According to the relations of Bessel functions, we have 
A =ho(2)(~:2)Jo(~:l) cot~l -  ~ i+-~2 ~2 ~1 
1(~.~)2( 1 ) 1(~1)2 ( 1 )] 
2 c°t~l - -~l  -2  ~ ? i+~ . 
From equations (B2) and (B3), u 2 can be written as 
Ao . "1k~t (~1 12 
il 2 2a2Ag(w ) -  ho(2)'(k~2r)er . (B4) 
t[£2ka2 [ ~1 ] 
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